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We derive pulse propagation equation for a graphene-clad optical fibre, treating optical response of graphene and nonlinearity of the dielectric fibre core as perturbations in asymptotic expansion of Maxwell equations. We analyse the effective nonlinear and attenuation coefficients due to the graphene layer. Based on the recent experimental measurements of the nonlinear graphene conductivity, we predict considerable enhancement of the effective nonlinearity for sub-wavelength fibre core diameters.
OCIS codes:
( Optical and opto-electronic properties of graphene attract much attention in recent years [1, 2] . In particular, the effective optical nonlinearity of graphene is predicted to be very high [3, 4] . This is supported by recent experiments, including direct measurements of the effective χ 3 of graphene with optical Kerr gate [5] and z-scan [6] techniques, as well as observation of four-wave mixing [7] and higher harmonics generation [8] [9] [10] in monoand few-layer graphene samples. The values of the nonlinear susceptibility of graphene derived from experimental data are reported to be as high as 10 −16 m 2 /V 2 [7, 8] in infrared spectral range, i.e. exceeding values for typical dielectrics by 5-6 orders of magnitude. This finding makes graphene a promising material for nonlinear optics and photonic. Recently, generation of spatial solitons was predicted in graphene-core planar dielectric waveguide [11] and graphene-semiconductor layered structures [12] , as well as nonlinear self-focusing [13] and switching [14] of graphene plasmons at sub-wavelength scale. Significant enhancement of a range of nonlinear processes, including four-wave mixing, was observed experimentally in a graphene-clad semiconductor photonic crystal cavity [15] . In this Letter we consider a graphene-clad tapered fibre, see Fig. 1 . If the core radius of the fibre R is tapered down to the wavelength scale, the then a large proportion of light being guided at the outer boundary and outside the fibre [16] , see Fig. 1(b) . This ensures good field overlap with the graphene layer, so as to maximize its contribution to the overall effective nonlinearity of the * Corresponding author: A.Gorbach@bath.ac.uk structure. The primary aim of this work is to characterize the corresponding nonlinearity enhancement and estimate propagation losses due to the graphene-induced photon absorptions.
To analyse pulse propagation in the structure, it is convenient to use Fourier expansion of the total electric field:
We assume that the mode profile is practically not affected by the addition of the atom-thick graphene layer to the fibre boundary, and describe each complex harmonic by means of a slowly varying envelope A ω (z) of the corresponding linear guided mode e ω of the bare fibre:
Hereafter cylindrical system of coordinates (r, φ, z) is used. Adopting complex harmonic amplitudes for the displacement vector D and induced current J similarly to the electric field, Eq. (1), nonlinear optical response of the dielectric core and graphene layer can be written as [13, 17] :
where ω 3 = ω − ω 1 + ω 2 , nonlinear susceptibility tensor is given by:χ conductivity tensor, but with the indexes i, p, j, s each corresponding to φ or z only. Also, the symmetry of graphene and the requirement J r = 0, still permit six additional non-zero tenzor componentsσ
In absence of external magnetic fields, linear conductivity tensor has only two non-zero components:σ
Performing asymptotic expansion of Maxwell equations, where optical response of the graphene layer and nonlinearity due to the dielectric fibre core are treated as perturbations, and following similar steps as described in details in our recent works [13, 18] , for the envelopes A ω we eventually derive the following equation:
Here β is the propagation constant of the bare fibre mode [18] , while ν and α represent corrections to its real and imaginary (attenuation) parts due to the graphene layer. Nonlinear coefficient Γ generally depends on the four frequencies ω, ω 1 , ω 2 , ω 3 and contains information about the material and geometrical dispersion of the nonlinearity [17] . This dependence only becomes important for ultra-short pulses [19] or wide bandwidth frequency conversion processes [17] . Considering narrow-bandwidth pulses, we replace Γ with a constant value Γ 0 computed at the pulse central frequency ω 0 . Then, performing inverse Fourier transform of Eq. (6), introducing slowly varying pulse envelope A(z, t):
and shifting to the moving frame A(z, t)
id0z , the following pulse propagation equation is obtained:
where dispersionD and attenuationΛ operators are defined through coefficients d k and α k of the polynomial fits of the propagation constant
is the normalization factor to ensure that |ψ| 2 gives power (in watts) carried in the z direction [13, 17] . Graphene-induced corrections to the propagation constant ν and the attenuation coefficient α are given by:
and the nonlinear coefficient γ combines contributions from the dielectric core [18] and graphene:
Here k 0 = ω 0 /c, R is the fibre radius, factor f = Φ/(2π) characterizes overlap between the fibre and the graphene layer, see Fig. 1(a) , e || = [e z , e φ ] T , e 1 = [se r , e z , e φ ] T , s = ( σ 3 /σ 3 ) 0.5 , normalization factor P is:
g is the surface enhancement factor [18] :
and operators Θ and ∆ are defined as: Below we consider a silica glass fibre with the diameter 2R = 1µm [16] . The corresponding nonlinear coefficient γ D is plotted in Fig. 2 . When the core radius R is smaller than the wavelength, nonlinearity of the dielectric fibre monotonically decreases with λ.
For a typical graphene sample with a chemical potential of the order of µ = 0.1eV [15] , the considered range of wavelengths falls beyond the absorption threshold in graphene (λ th = 2πc/ω th = πch/µ ≈ 6µm). In this regime, a considerable impact of the graphene layer on the mode dispersion is expected to be through the increased attenuation, associated with the real part of linear conductivity Re(σ 1 ) = e 2 /(4h) [20] . We are not aware of a theoretical derivation or experimental measurement of the nonlinear graphene conductivity coefficients σ 3 and σ 3 at frequencies above the chemical potential. For convenience, we introduce the dimensionless coefficient:
which characterizes the relative strength of Kerr effect in graphene.
The graphene contributions to the nonlinear and loss coefficients are plotted in Fig. 3 . The impact of graphene on nonlinearity and attenuation achieves its maximum at a wavelength around 1.5µm, i.e. when the fibre diameter is about 1.5 times smaller than the wavelength in vacuum. While geometrical dispersion largely dominates over material dispersion in such small-core fibres, similar results are obtained for a fixed wavelength and varying fibre diameter. The account of possible dependance of graphene conductivity on the orthogonal component of applied field ( σ 3 = 0) changes γ G only slightly, cf. solid and dashed curves in Fig. 3(a) .
To estimate the enhancement of nonlinearity due to the graphene layer, we rely on the indirect experimental measurements of σ 3 in infrared wavelength range [7, 8, 15] . In all the above experiments effective nonlinear susceptibility of graphene χ
is defined in the same way as for a bulk material, assuming certain thickness of the graphene layer, and therefore it is different from our definition in Eq. (19) . From experimental data reported by Hendry et al. [7] and Kumar et al. [8] we estimate σ 3 ∼ 10 −22 Sm/V 2 , and therefore h ∼ 10 4 . With such a strong relative nonlinear susceptibility of graphene, γ G and γ D at wavelengths around λ 0 = 2π/k 0 = 1µm become comparable for the overlap factor f ∼ 0.01. And the effective graphene nonlinearity of a fully wrapped fibre (f = 1) can exceed the nonlinearity due to the dielectic core by more than two orders of magnitude, cf. Figs. 2 and 3(a) . This prediction is consistent with the measured boost of Kerr nonlinearity in a graphene-clad silicon photonic crystal cavity [15] .
Graphene induced propagation losses introduce major limitations to the overall nonlinear performance of the fibre. For wavelengths around 1µm and angular overlap rate of f = 0.1, typical attenuation distances L a = 1/α are found to be of the order of few mm, cf. Fig. 3(b) . This needs to be compared with the characteristic nonlinear distance L N L = 1/(γ G P ) required to observe the graphene-induced additional nonlinear phase shift of a pulse. In Fig. 4 we plot the peak power P required to match the two distances. It is easy to see that this power does not depend on the overlap factor f and is defined only by the relative strength of the graphene nonlinearity h. For the estimated above value of h ∼ 10 4 , one should be able to observe the additional phase shift at peak powers as low as few hundred watts. However for smaller h, as the peak power raises up to few kW, electric field at the edge of the fibre may reach the graphene breakdown threshold E cr ∼ 10 9 V /m [21] . A much better balance between nonlinearity and attenuation could be achieved with highly-doped graphene samples, such as e.g. produced by chemical vapour deposition method [22] . As the chemical potential rises above 0.6eV , the corresponding absorption threshold is shifted down to λ th ∼ 1µm. This allows to reduce the attenuation substantially.
Note, that the propagation Eq. (8) could be derived by unsing an asymptotic expansion approach based on the reciprocity theorem [17, [23] [24] [25] , provided one introduces the effective polarization of graphene using the same expression as in Eq. (3) and with the following effective linear and nonlinear susceptibility tensors:
Here δ(r) is the Dirac δ function, R g (φ) is the position of graphene layer. It is easy to see that these expressions can be used in more complicated geometries without radial symmetry. In summary, using the asymptotic expansion of Maxwell equations with nonlinear boundary condition, we derived propagation equation that describes nonlinear pulse dynamics in a graphene-clad dielectric fibre. Using experimental data for indirect measurements of the nonlinear graphene conductivity in infrared spectral range, we predict boosts of the effective nonlinearity by 2-3 orders of magnitude for fibre diameters below the carrier wavelength in vacuum. The associated nonlinear phase shifts could be observed for input powers below the graphene damage threshold and at short enough propagation distances to overcome limitations induced by high attenuation in graphene. We anticipate that a graphene layer could be fixed on the fibre wall by using similar wet-transport technique as in Ref. [15] . The setup could be used to experimentally measure nonlinear conductivity of graphene as a function of frequency and chemical potential. Using the derived expressions for the effective linear and nonlinear susceptibilities of graphene, Eqs. (20) , (21) , it is straightforward to apply our method to other geometries such as graphene-clad semiconductor nano-wires.
